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The purpose of this note is to compute the Tonagitudinal impedance of a
pickup plate with terminations at both ends!. The plate has length &,
characteristic impedance Z0 and azimuthal half angle ¢O (Figure 1). Each
termination carries an impedance ZT.

1. Transmission Tine equations.

When a linear charge disturbance

ej(mt-kz) 1)

M= Mo
develops in the beam, due to charge conservation, the disturbance cur-
rent is

ej(wt-kz)

I, =1 > (2)
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with

Lo = MoBue (3)
where k = n/R defines the longitudinal mode number n and w the angular
velocity of the disturbance; R is the radius of the machine. ch = w/k
is the linear velocity of the disturbance. z is the direction of motion

of the particles. This disturbance will induce a charge density 9

and current density J] on the pickup plate:

A1 long
N9 ()

_ A long
L=z 9 | (5)

where q‘= k vﬂ-sz; a.and b are the radii of the beam and the pipe re-
spectively; I0 and I] are modified Bessel functions of order 0 and 1

Tong

respectively. Note that, as g0, g +1.
The pickup plate and ground form a transmission line. The line

equations for the supplementary scalar potential V] and Tongitudinal po-
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tential A] (set to zero for ground) produced by the plate are

139 A

cat Tz 70 (7)
aVy . 1 %A _
2 A (8)

Equation (7) expresses the charge conservation law and is homogeneous be-
cause the linear velocity and the phase velocity of a longitudinal dis-
turbance are exactly equal. Equation (8) is homogeneous because the plate

is assumed to be a perfect conductor.

The most general solution of the transmission equation is
Vy(z,t) i¥{(zg-2) -i%(z5-2)y Jut
= (ae'c'“S + be vC'eST4/)e (9)
A](z,t)
subject to the boundary conditions that the currents at both ends of the

plate extending from z=z | to zs+2 must be zero:

A'] (Zs,t) . V] (Zs9t)

- 24 bdy(z_,t), (10)
Z0 Zr o 1's
A(z+2,t)  Vq(z.+2,t)
1'%s ™o~/ "1'%s _
2 = Zr 2¢obJ](zs+2,t). (1)

If we match Zo = ZT’ we get

a = -9,bZJ, (12)
-3%9-jke
b = ¢,bZ,J e JermIkE, (13)
with
I _s
3, = g g'o"8 ¢TIk, (14)

Longitudinal Impedance
Elsewhere (not necessarily on the plate), the supplementary potentials,

since obeying Egs. (7) and (8), can be written as
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vy (ps ¢, 2, t) v,) Ip(9e) §(ut-L 2)
1 = I ¢ h —ET_—T coS po e R
{A] (ps d)s z, t)} psh P {Ahz Ip Qb )

As all modes p#0 and h#n are orthogonal to the fundamental mode of the distur-
bance, the forces produced by these modes are ineffective over a complete turn

in the machine. We therefore retain only h=n and p=0. Defining
o = 2¢0b o _ 2bgo®
0 2m =%, T
we get
g"nt Jut, 11 J'ZS” L {Vl}
A ~ 2mR 2bd A
- 9 ZOJ Sej kzs gwg] IEZ ert (" 5 )
4R jo(1-By*) w2 "1
with
C] = -sin 2% sin28 - j sin 26 cos 29,
C2 =1 - cos 2% cos 26 + j cos 26 sin 29, (16)
26 = k&,
=
2% = L (17)

We note that Eq.
the beam pipe. Thus
At the center of the
to the M plates is

(15) is independent of z_, the position of the plate along
for M identical plates, wd just multiply Eq. (15) by M.
beam, p=0, the supplementary longitudinal electric field due

The potential seen by the beam in one resolution is

L oV 1
E,(p=0) = -5 - T A
v, - BA -
_ o 'n n j(wt-kz)
= Jk Iolqu %, ¢
_ M ,2bdo*, Zody
=5 T ) (@) G2 (18)
U, = 2mR E, (0= 0). (19)

Therefore, the longitudinal impedance due to the plate is
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) g, 2 long :

We now let Bw -+ 1, then
g'°"/1 (ab) > 1,

6> 9,
02 » sin? 26 + j sin 2% cos 2%.
Thus

Zp =M (;FJ Z0 (sin? 26 + j sin 2% cos 2%), (21)

agreeing exactly with Shafer's result?. When the wavelength of the dis-
turbance is long compared with R/n, we get

=M (%%, 2
ZL/n = jM (TT ) Z0 R | (22)
which is inductive.
Voltage along a pickup plate

Substituting (12) and (13) into Eq. (9), we get the voltage along a-
plate

Wy (2at) = —gpz 0, [efclEs?) L dc(zsrzian)] ut (23)
assuming Bw=1. Obviously V](zs+2,t)=0, j.e., the downstream end of the
plate is floating, a result predicted by Shafer?. Thus the donwstream
termination can be removed without affecting the whé]e system. As a result,
our result can be compared with that obtained by Ruggiero! for pickup
plates with only one termination situated ‘at a distance %—(1+6) from the
upstream end (8 ranges from -1 to 1). H{s value of longitudinal force per
unit éharge at the center of the beam is

Mg, (¢02 q'ong plong, M
2mR ‘2m* (gb) 2C?

F1OM9 - £ (5=0) = 38 (24)

Iy
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where C=(cZo)'1 is the capaﬁitance per unit length of the plate with

respect to ground and

plong _ Bw 2jr(cos 2% - cos 28) - sin 2%
2 cos 28% + cos 20 + 2jr sin 20 °

(25)
with r=Z /Z . When the impedances match (r=1), the termination is at the
upstream end of the plate (8=-1), and Bw=1, we get

P]ong = - %-(sin 2% cos 20 - j sin? 29). (26)

Using Egs. (2) and (3), (19) and (20), we arrive at

2
7 =M(fT—° 7

L

o (sin? 26 + j sin 2% cos 2%). (27)

which agrees with Eq. (21).

From Eq. (23), the voltage at the upstream end of a plate is

dJobI1OZo 2 i (wt-pz)
- %°"10% iz .. ; s

V1(zs,t) b (sin® 2% + j sin 29 cos 2%)e R"s/,

(28)
Thus, the average power consumed for M plates is
1 Iqlzest) 2 g, 90,2 .,
<P> = 7 Rl - M (FF) Z, [1pl? sin® 20 (29)
1

which equals, as it should, E-ReZL 1110|2’ the average power lost by the
beam.
Arbitrary ZT

Matching boundary conditions (10) and (11), line equations (7) and
(8) lead to a supplementary longitudinal impedance (due to M plates) of

%o long

2



with
c-. = r’ (cos 20 - cos 26) + jr sin 2¢ (31)
2 rcos 20 + LJj(1+r?)sin 20
As By ~ 1, we get
oy r =
cos 20 + j 5 sin 2%
ZL(P) 1-r2.2 ., -1/2
,—_(_TZL | = [] + (o) sin? 20 _ (33)
Therefore ZL can be decreased and stability improved by not matching ZT
and Zo'
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